Hybrid qubits have recently drawn intensive attention in quantum computing. We here propose a method to implement a universal controlled-phase gate of two hybrid qubits via two threedimensional (3D) microwave cavities coupled to a superconducting flux qutrit. For the gate considered here, the control qubit is a microwave photonic qubit (particle-like qubit), whose two logic states are encoded by the vacuum state and the single-photon state of a cavity, while the target qubit is a cat-state qubit (wave-like qubit), whose two logic states are encoded by the two orthogonal cat states of the other cavity. During the gate operation, the qutrit remains in the ground state; therefore decoherence from the qutrit is greatly suppressed. The gate realization is quite simple, because only a single basic operation is employed and neither classical pulse nor measurement is used. Our numerical simulations demonstrate that with current circuit QED technology, this gate can be realized with a high fidelity. The generality of this proposal allows to implement the proposed gate in a wide range of physical systems, such as two 1D or 3D microwave or optical cavities coupled to a natural or artificial three-level atom. Finally, this proposal can be applied to create a novel entangled state between a particle-like photonic qubit and a wave-like cat-state qubit.
Quantum gates, acting on hybrid qubits (i.e., different types of qubits), have attracted tremendous attention, because of their importance in connecting quantum information processors with different encoding qubits as well as their significant application in transferring quantum states between a quantum processor and a quantum memory. In recent years, many theoretical proposals have been presented for realizing a universal two-qubit controlled-phase (CP) or controlled-not (CNOT) gate with various hybrid qubits, such as a cat-state qubit and a charge qubit [1] , a flying photonic qubit and an atomic qubit [2] , a charge qubit and an atomic qubit [3] , a spin qubit and a Majorana qubit [4] , a photonic qubit and a superconducting qubit [5] , and so on. Moreover, the two-qubit CP or CNOT gate with a flying optical photon and a single trapped atom [6] , as well as the two-qubit CP gate with a 40 Ca + qubit and one 43 Ca + qubit [7] have been demonstrated in experiments.
Circuit QED, consisting of microwave cavities and superconducting (SC) qubits, has been considered as one of the most promising candidates for quantum computing [8, 9] . Besides SC qubits, microwave photonic qubits (encoded in the photon-number states) and cat-state qubits (encoded in superposition of coherent states) are two types of important qubits for quantum information processing (QIP) and quantum communication. Particularly, cat-state qubits have drawn intensive attention due to their enhanced life times [10] . Recently, much progress has been made for quantum state engineering and QIP with microwave photonic qubits [11] [12] [13] [14] or cat-state qubits [15] [16] [17] [18] .
The goal of this letter focuses on realizing a two-qubit CP gate with two hybrid qubits, i.e., a microwave photonic qubit and a cat-state qubit, based on a circuit-QED [ Fig.1(a) ].
The two-qubit CP gate considered here is described by
where |cat and |cat are two orthogonal cat states, representing the two logic states of a cat-state qubit, while |0 and |1 are the two logic states of a microwave photonic qubit. Eq.
(1) implies that when the control qubit (first qubit) is in the state |1 , a phase flip happens to the state |cat of the target qubit (second qubit). It is known that a two-qubit CP gate, together with single-qubit gates, forms a set of universal gates for quantum computing [19] .
This proposal has the following advantages. During the gate operation, the coupler qutrit remains in the ground state and thus decoherence from the qutrit is greatly suppressed.
The gate realization is quite simple because only one-step operation is needed. Moreover, neither classical pulse nor measurement is required. Our numerical simulation shows that high-fidelity implementation of the gate is feasible with the current circuit QED technology.
This proposal can be extended to realize the proposed gate with two 1D or 3D microwave or optical cavities coupled to a natural or artificial three-level atom.
Note that a two-qubit CP gate can be easily transferred to a two-qubit CNOT gate, by performing a Hadamard gate on the target qubit before and after the two-qubit CP gate [19] . Therefore, our proposal can also be applied to realize a hybrid two-qubit CNOT gate, described by |0 |cat → |0 |cat , |0 |cat → |0 |cat , |1 |cat → |1 |cat , and |1 |cat → |1 |cat , acting on the two hybrid qubits. To the best of our knowledge, how to realize a two-qubit CP or CNOT gate with a microwave photonic qubit and a cat-state qubit has not
been reported yet.
The two-qubit CP or CNOT gate here allows to create a novel entangled state |0 |cat + |1 cat , through first preparing a microwave photonic qubit in the state |0 + |1 while a cat-state qubit in the state |cat and then applying the above-mentioned two-qubit CNOT gate. This type of entangled state provides the first test of a Bell inequality violation between a particle-like photonic qubit and a wave-like cat-state qubit and has applications in hybrid quantum communication. Recently, hybrid entanglement |0 |α + |1 |−α between a particle-like photonic qubit (encoded with |0 and |1 ) and a wave-like coherent-state qubit (encoded with the coherent states |α and |−α ) or between quantum and classical states of light [20, 21] has been demonstrated in experiments, which has drawn increasing attention because hybrid entanglement of light is a key resource in establishing hybrid quantum networks and connecting quantum processors with different encoding qubits.
Consider two 3D microwave cavities inductively coupled to a SC flux qutrit [ Fig. 1(a) ].
The qutrit has three levels |g , |e and |f [ Fig. 1(b) ]. The |g ↔ |e transition is weak due to the barrier between the two potential wells. Cavity 1 is dispersively coupled to the |g ↔ |f transition with coupling constant g 1 and detuning δ 1 but highly detuned (decoupled) from the |e ↔ |f transition of the qutrit. In addition, cavity 2 is dispersively coupled to the |e ↔ |f transition with coupling constant g 2 and detuning δ 2 but highly detuned (decoupled) from the |g ↔ |f transition of the qutrit (Fig. 2 ). These conditions can be met by prior adjustment of the qutrit's level spacings or the cavity frequency. For a SC qutrit, the level spacings can be rapidly (within 1-3 ns) tuned [22] . The frequency of a microwave cavity can be rapidly adjusted with a few nanoseconds [23] .
Under the above assumptions, the Hamiltonian of the whole system in the interaction picture and after the rotating-wave approximation, is given by (in units of = 1)
whereâ 1 (â 2 ) is the photon annihilation operator of cavity 1 (2), σ (Fig. 2) . Here, ω c 1 (ω c 2 ) is the frequency of cavity 1 (2); while ω f g , ω f e , and ω eg are the |f ↔ |g , |f ↔ |e , and |e ↔ |g transition frequencies of the qutrit, respectively.
By applying the large-detuning conditions δ 1 ≫ g 1 and δ 2 ≫ g 2 , the Hamiltonian (2) can be written as [24] H e = − λ 1n1 |g g| − λ 2n2 |e e| + (
where (Fig. 2) 
where χ = λ 2 /∆. When the levels |e and |f are initially not occupied, they will remain unpopulated because the Hamiltonian (4) does not induce both |g → |e and |g → |f transitions. Hence, this Hamiltonian (4) reduces to
Assume that the qutrit is initially in the ground state |g . It will remain in this state because the Hamiltonian (5) cannot induce any transition for the qutrit. Therefore, the Hamiltonian (5) reduces to
where η = λ 1 + χ. Here, H e is the effective Hamiltonian governing the dynamics of the two cavities. The unitary operator U = e −i Het is expressed as
Let us now consider two hybrid qubits 1 and 2. Qubit 1 is a microwave photonic qubit (particle-like qubit), whose two logic states are represented by the vacuum state |0 and the single-photon state |1 of cavity 1. Qubit 2 is a cat-state qubit (wave-like qubit), whose two 
where
and n are non-negative integers. From Eq. (8), one can see that the state |cat is orthogonal to the state |cat , which is independent of α (except for α = 0).
Based on Eq. (7) and Eq. (8), one can easily see that the unitary operator U leads to the following state transformation
where subscripts 1 and 2 represents qubits 1 and 2. For χt = π and ηt = 2kπ (k is a positive integer), Eq. (9) becomes
which shows that when the control qubit 1 is in the state |1 , a phase flip (from sign + to −) happens to the state |cat of the target qubit 2. The state transformation (10) shows that a two-qubit CP gate, described by Eq. (1), is implemented by the above operation.
For the two-qubit controlled phase gate described in Eq. (1) or Eq. (10), the control qubit and the target qubit can exchange their functions. Namely, when the control qubit is a cat-state qubit and the target qubit is a microwave photonic qubit, the two-qubit controlled phase gate can still be realized with the above operation.
From the above description, it can be seen that the coupler qutrit remains in the ground state |g during the entire operation. Hence, decoherence from the qutrit is greatly suppressed. In addition, the gate is realized with a single basic operation described by the unitary operator U. In above, we have set χt = π and ηt = 2kπ, resulting in
In practice, the coupling strength g 2 can be adjusted by a prior design of the sample with appropriate capacitance or inductance between the qutrit and cavity 2.
We now discuss the experimental feasibility of realizing the gate. In reality, there exist the unwanted coupling of cavity 1 with the |e ↔ |f transition and the unwanted coupling of cavity 2 with the |g ↔ |f transition of the qutrit (Fig. 3) . After considering these factors, the Hamiltonian (2) is modified as
with δH = g 1 (e
Here, H I is the Hamiltonian (2); δH is the Hamiltonian, which describes the unwanted coupling between cavity 1 and the |e ↔ |f transition with coupling strength g 1 and detuning δ 1 = ω f e −ω c 1 , as well as the unwanted coupling between cavity 2 and the |g ↔ |f transition with coupling strength g 2 and detuning δ 2 = ω f g − ω c 2 (Fig. 3) .
When the dissipation and dephasing are included, the dynamics of the lossy system is determined by
where H I is the above full Hamiltonian, σ jj = |j j|(j = e, f ), and
In addition, κ l is the photon decay rate of cavity l (l = 1, 2), γ eg is the energy relaxation rate for the level |e of the qutrit, γ f e (γ f g ) is the energy relaxation rate of the level |f of the qutrit for the decay path |f −→ |e (|g ), and γ ϕj is the dephasing rate of the level |j (j = e, f ) of the qutrit.
For simplicity, we consider the two qubits are initially in the following state |ψ in = cos α cos β|0 1 |cat 2 + cos α sin β|0 1 |cat 2 + sin α cos β|1 1 |cat 2 + sin α sin β|1 1 |cat 2 .
Thus, the ideal output state of the whole system is |ψ id = cos α cos β|0 1 |cat 2 + cos α sin β|0 1 |cat 2 + sin α cos β|1 1 |cat 2 − sin α sin β|1 1 |cat 2 ⊗ |g .
The fidelity of the operation is defined as
where |ψ id is the output state of an ideal system given above, without dissipation and dephasing; while ρ is the final practical density operator of the system when the operation is performed in a realistic situation.
For a flux qutrit, the typical transition frequency between neighboring levels can be made as 1 to 20 GHz. As an example, consider ω eg /2π = 5.0 GHz, ω f e /2π = 7.5 GHz, and ω f g /2π = 12.5 GHz. With a choice of δ 1 /2π = 1.5 GHz and δ 2 /2π = 1.65 GHz, we have ∆/2π = 150 MHz, ω c 1 /2π = 11 GHz, and ω c 2 /2π = 5.85 GHz. For the transition frequencies of the qutrit and the frequencies of the cavities given here, we have δ 1 /2π = −3.5
GHz and δ 2 /2π = 6.65 GHz. Additional parameters used in the numerical simulation are: 136 µs, fidelity exceeds 99.9%, which implies that a high fidelity can be obtained for the gate being performed in a realistic situation.
With the parameters chosen above, the gate operational time is estimated as ∼ 0.37 µs, much shorter than the decoherence times of the qutrit (5 µs − 75 µs) and the cavity decay times (10 µs − 300 µs) considered in Fig. 4 . In our numerical simulation, we consider a rather conservative case for decoherence time of the flux qutrit, because experiments have reported decoherence time 70 µs to 1 ms for a superconducting flux device [26, 27] . For κ −1 = 136 µs and the cavity frequencies given above, a simple calculation gives Q 1 ∼ 9.39 × 10 6 for cavity 1 and Q 2 ∼ 4.99 × 10 6 for cavity 2. Note that a high quality factor Q = 3.5 × 10 7 of a 3D
microwave cavity has been experimentally demonstrated [18, 28] . Our analysis here implies that the high-fidelity implementation of the proposed gate is feasible within the current circuit QED technology.
